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1 Matching Framework

• Continious Time

• Unit measure of continuum of workers

• Measure of jobs is endogenously determined by free entry, with vacancy opening cost
k ≥ 0

• Productivity of vacancy is drawn from distribution over {y1, ...yn}

• Both workers and firms are risk neutral

• Standard matching function x(u, v)2, one-to-one matching

• Upon matched, the worker-firm pair starts production immediately and continues until
the job destroyed, with a constant and exogenous probability rate s

Submarket

• A submarket consists of a subset of the unemployed workers and firms with vacant
jobs that are searching for each other.

• Number of matches in submarket i is xi(ui, vi)

• Both workers and firms are free to move between submarkets.

• Assume that all submarkets contain a continuum of searching agents.

• m submarkets in equilibruim, and (w1...wm) denote the corresponding set of wages
satisfying wi ≤ wj for j > i

2 Competitive Search Equilibrium

Market Maker

• Determines the number of submarkets and wage in each submarket.

• All vacancies in the same market offer the same wage, wage offer differs across sub-
markets.

• Full information about MM actions
1sai.ma@nyu.edu
2Concave and homogeneous of degree one in (u, v) with continuous derivative
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Workers

For worker at submarket i

rUi = z + p (θi) (Ei − Ui)
rEi = wi − s (Ei − Ui)

Solve for the Ui

rUi =
(r + s) z + wip (θi)

r + s+ p (θi)

for wi > z

• For wi < z, the workers do not search with expected income z
r

Workers enter the submarkets that yield the highest expected income. Since workers
are identical ex-ante, this implies that all submarkets that attract workers yield the same
expected income U, this yields for any active submarkets

p (θi) = (r + s)
rU − z
wi − rU

Thus the indifference in worker side pins down the market tightness of active markets,
denote as θ(w;U)

• θ(w;U) is continuous, strictly decreasing in w and strictly increasing in U

— Submarket with low wage attract worker with high job finding rate

∗ When wage approaches rU, θ goes to infinity
∗ Wages less than rU do not attract any workers
∗ As wage approach infinity, gain from finding a job goes to inifity, θ goes to
zero.

—High value of unemployment reduces the surplus in match, and compenstate for
high job finding rate

Firms

For a vancancy with productivity yi in a submarket (w, θ)

rV (yi, w, θ) = −c+ q(θ) [J(yi, w)− V (yi, w, θ)]

J(yi, w) = yi − w − sJ(yi, w)

We can solve for V (yi, w, θ) we have

(r + q(θ))V (yi, w, θ) = q(θ)
yi − w
r + s

− c

Each vacancy enters a submarket that maximizes V

Equilibrium
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Wage Determination Now we need to determine the set of wages in equilibruim. The
equilibruim is required to be a no-surplus alocation. More specifically, suppose that W ∗ is
the equilibrium set of wages, then there does not exist a wage w′ such that

V (yi, w
′, θ (w′)) > V (yi, w

∗, θ (w∗))

for all w∗ ∈ W ∗.
If such w′ exist, a submarket with such wage would make workers as well off as and some

firms strictly better off than in equilbrium.
ASSUMPTION: Market maker shuts down inactive submarkets.
The wage is determined in each submarket as follows

max
w

V (yi, w, θ (w,U))

Lemma 1 in paper states that the maximization problem is well defined and the solution
w ∈ [rU, yi] as illustrated in Lemma 1

Figure 1 —Equilibruim

A vacancy is maintained if and only if its asset value is positive.
Denote î to be the lowest vacancy type that is maintained, then the expected income of

opening a vacancy is

V̄ (U) =

n∑
i=ı̂

fi max
w

V (yi, w, θ (w,U))

where fi = Pr (y = yi) .
Lemma 2 in the paper states the V̄ (U) is continuous and strictly decreasing in U

• U increases, θ (w,U) increases, as a result, the value of all types of vacancies falls,
which decease the expected value of opening a vacancy

Free Entry Free entry requireds that

V̄ (U) = k
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Multidimentional version of Beveridge curve We focus on the Steady state.
Denote ã to be the total mass of firms that enter and stays in the economy in every

period (flow of newly created firms net of exiters)

• Flow of workers into unemployment is

(1− u) s

where u is aggregate unemployment rate and is equal to the flow of vacancies into
market (v)

In addition, we know that at the aggregate level, number of newly created jobs equal
to the destroyed

(1− u) s︸ ︷︷ ︸
Destroyed

=
∑
i>ı̂

uip (θi)︸ ︷︷ ︸
Newly Created

• Furthermore, inflow of vancacies (viq (θi)) = outflow of workers into unemployment in
each submarket (uip (θi))

uip (θi) = viq (θi)

• Now for each submarket, number of succesful vacancies viq (θi) is consistent with the
proportion of mass ã in this submarket

viq (θi) = f̃iã

Thus we have ∑
i>ı̂

uip (θi) =
∑
i>ı̂

viq (θi) = ã

• To sum up
uip (θi) = viq (θi) = (1− u)sf̃i

where f̃ i = fi
(1−F (yı̂))

Summary 1 An equilibruim is a value for unemployment U , a value for vacancies V , a set
of submarkets with wage {w1...wm} and tightness {θ1...θm}, a threshold ı̂, a distribution of
searching workers {u1...um} such that
1. rU = (r+s)z+wip(θi)

r+s+p(θi)
∀i ≥ ı̂

2. wi = arg maxw V (yi, w, θ (w,U)) , ∀i ≥ ı̂
3. uip (θi) = (1− u)sf̃i, ,∀i ≥ ı̂
4.
∑

i>ı̂ ui = u
5. V̄ (U) = k

The structure of equilibruim is recursive.
U is determined by 5, and given U using 2 solve for {w1...wm}. Given wages, using 1 to

pin down {θ1...θm}, finally using tightness to determine the u and {u1...um}
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Remark on Uniqueness of U Although the equilibrium is not necessarily unique due to
(multi-solution for 2), the value of U is unique: note that

V̄ (U) =
n∑
i=ı̂

fiV̂ (yi, w, θ (w,U))

where V̂ = maxw V (yi, w, θ (w,U))
V̄ (U) is continuous and strictly increasing in U . Furthermore, V̄ (U) = 0 if yn < rU.

Therefore it is suffi ciently to show that there exists a U such that V̄ (U) > k. (This part see
proof of proposition 1 in paper)

3 Effi ciency

First, we consider that

(r + q(θ))V (yi, w, θ) = q(θ)
yi − w
r + s

− c

Taking derivative with respect to w and setting V ′ = 0

q′ (θi)
dθi
dw

[
yi − w
r + s

− V (yi, w, θ)

]
=

q(θ)

r + s
(1)

Now using p (θi) = (r + s) rU−z
wi−rU = θiq(θ)

p (θi) = (r + s)
rU − z
wi − rU

= θiq(θi)

Taking derivatives with respect to w

q(θi)

(
1 +

θiq
′(θi)

q(θi)

)
dθi
dw

= − (r + s)
rU − z

(wi − rU)2

= − θiq(θi)

wi − rU
This gives to

(1− ηi)
dθi
dw

= − θi
wi − rU

Now pluging in (1) we have

q′ (θi)

(
− θi
wi−rU

(1− ηi)

)[
yi − w
r + s

− V (yi, w, θ)

]
=

q(θ)

r + s

This gives to

ηi
1− ηi

=
wi − rU

yi − w − (r + s)V (yi, w, θ)

=
Ei − Ui
Ji − Vi
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Therefore, we have using the match surplus notation

Si = Ei − Ui + Ji − Vi
=

ηi
1− ηi

(Ji − Vi) + Ji − Vi

This gives to

Ji − Vi = (1− ηi)Si
Ei − Ui = ηiSi

This implies the Hosios condition is held.
In addition, proposition 2 in the paper shows the identified conditions above coincide

with the planner’s allocation. Therefore, the equilibruim is effi cient.

Interpretation When firm chooses wage, they take the tightness in each submarket θ(w,U)
as given. This internalize the effect that wage choice has on the tightness
Furthermore, a vacancy affects other vacancies only through the market parameter U
Therefore, this internalize the congestion externality, (choice of wage no effect on θ), and

set a wage that splits the surplus according to η

4 Wage Announcements

In the previous model, it is assumed that the market maker determine the wage and sub-
markets. They demonstrated how the competitive search equilibrium can be realized if one
assumes firms announce the wage they are going to pay.
The only difference is that given the labor market tightness θ(wi;U), firms annouce the

wages that maximize the expected value of their vacancy.
Denote the beliefs by qe(w) (belief about the arrival rate by posting w) The firms choose

w to maximize the expected income given belief

(r + qe(w))V (yi, w, θ) = qe(w)
yi − w
r + s

− c

In rational expectaion equilibruim, qe(w) = q(θ (w)) for all wages w annouced in the
equilibruim.
A trembling-hand argument indicates that it may be resonable to require qe(w) = q(θ (w))

• Let w′ be any wage not annouced in equilibrium, then assume that a set of firms
deviates and announce w′. Let the measure of the de deviating firms be so small that
effect on U can be ignored, then the arrival rate of workers facing the deviating firms
is still q(θ (w;U))
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The Effi ciency result hinges on the assumption that wages are not renegotiated expost.
The firms have announced the wage offers publicly, and it is easy to imagine that this is
binding because of the reputation effects, trade unions.
However, this does not apply to workers. The worker has incentive to re-negotiate and

improve his wage through conventional nash bargaining if and only if his bargaining power
exceeds η. This suggests that a wage announcement is more likely to occur when worker’s
bargaining power is small.
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