
1 Chapter 3 —The Role of Money

Distrust is the root of all money —Kiyotaki and Moore (2002)

In this chapter, they assume that buyers and sellers never trust one another since they cannot
commit to repay their debts, and unlike in Chapter 2, there is no record-keeping or reputational
device that make debt contract self-enforcing.

If the set of allocations that is feasible with money is larger than the set of feasible allocation
without money, and if includes some socially preferred allocation, we say the money is essential.

1.1 Money is Memory

Goal: compare the set of allocations that are incentive feasible in monetary economy to that in the
credit economy.

• A buyer and seller are matched with probability σ in day

• Matches are maintained at night and dissolved before the start of next period

• Assume that no centralized market at night—only matched agents can interact at night.

• At the beginning of DM, buyer has mb ∈ {0, 1, 2...} ≡ N0 units of indivisible money and seller
has ms ∈ N0.

• A trading mechanism is a mapping from the money holdings of agents (mb,ms) into set of
allocations [(q, dam) , (y, dpm)]

—At day, seller produce q for buyer, and matched buyer transfer dam to seller.

—At night, buyer produces y for seller in exchange for dpm from seller.

• The proposed allocation must be feasible

—−ms ≤ dam ≤ mb

—− (mb − dam) ≤ dpm ≤ ms + d
am

• After the allocation is proposed, agents simultaneously accept or reject it. If one of agent
rejects, outcome will be no-trade [(0, 0) , (0, 0)]

Now assume that at the start of time, each buyer is endowed with one unit of money.

• Allow all buyers to be able to trade

• Focus on symmetric allocations, buyers must all have same quantity of money.

Firstly, they examine allocations that in the DM, trading mechanism proposes the allocation
[(q, 1) , (y, 1)] to a buyer with mb ≥ 1. (and [(0, 0) , (0, 0)] for buyer with mb = 0)

The value function for buyer with mb ≥ 1 is

V b(m) = σ
(
u(q)− y + βV b(m− dam + dpm)

)
+ (1− σ)βV b(m)

= σ (u(q)− y) + βV b(m)
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This implies that

V b(m) =

{
σ(u(q)−y)
1−β for m ≥ 1
0 for m = 0

The value function for seller with ms ≥ − is

V s(m) = σ
(
−c(q) + y + βV b(m+ dam − dpm)

)
+ (1− σ)βV s(m)

= σ (−c(q) + y) + βV s(m)

This implies that

V s(m) =
σ (−c(q) + y)

1− β for m ≥ 1

Since agents cannot commit, and there is no public record, the buyer can always deviate. Hence
the proposed allocation must be self-enforcing.

The P.C is (accept ≥ reject)

u(q)− y + βV b(1) ≥ βV b(1)

−c(q) + y + βV s(0) ≥ βV s(0)

The ICs are

−y + βV b(1) ≥ βV b(0)

y + βV s(0) ≥ βV s(1)

in the sense that buyer will produce y at night and seller will exchange his unit of money for y
unit of proposed good.

These conditions imply that the set of incentive-feasible allocations is

AM =

{
(q, y) ∈ R2+ : c (q) ≤ y ≤

σ

r + σ
u(q)

}
First notice that the money is essential in this economy

• The set is larger than that with out money, which is just {(0, 0)} since lack of commitment
and record-keeping technology.

• In addition, both agents prefer allocations in AM to autarky

What role ode money performs in this economy?

• AM = APR. It is in this sense that money is equivalent to a public record-keeping device.
Thus money has the technological role of memory

• This is due to the fact that agent’smoney balance act as a state variable that conveys some
information about his past trading behavior

— If buyer holds 1 unit of money at the beginning, this implies in the past he keeps his
promise

— If buyer holds 0 unit of money, this conveys the information that he reneged on this
promise , and thus punished by going into permanent autarky.

2



1.2 Decentralizing Allocations

• In DM, the terms of trade in bilateral matches are determined by a bargaining process. Buyer
makes a take-it-or-leave-it offer (q, d)

—−ms ≤ d ≤ mb

• At night, all agents, matched or unmatched, meet in a competitive market, CM

• Price-taking agents can buy and sell units of money in exchange for general goods at price φt
(quantity of general goods than can be purchased for one unit of money)

• Focus on stationary equilibruia, φt = φ. Money is indivisible

• At the end of period, all matches split apart.

The model can be solved in four steps

1. Characterize key properties of value functions in CM

2. Determine the terms of trade in match in DM

3. Characterize the Bellman equations in DM

4. Determine agents’choice of money holdings in CM

Firstly, consider the value function for a buyer at CM

W b(m) = max
m′∈N0,x,y

{
x− y + βV b

(
m′
)}

s.t x+ φ
(
m′ −m

)
= y

or substituting the budget constraint, we have

W b(m) = φm+ max
m′∈N0

{
−φm′ + βV b

(
m′
)}

• The value function is linear in m thanks to the linearity of CM utility function. This implies
that buyer’s wealth does not affect the choice of money holdings in the future. This is crucial
for the tractability of the model.

—Because otherwise, idiosyncratic trading shocks in DM (e.g shocks in σ) would create a
non-degenerate distribution of money holdings.

• Value function at the beginning of CM is linear in money holdings. In particular, we have
W s(m) = φm+W s(0)

—Useful when solving bagaining problem
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For the seller’s value function in the CM, we have

W s(m) = φm+ max
m′∈N0

{
−φm′ + βV s

(
m′
)}

Secondly, we need to detemine the terms of trade in DM
Assume that buyermakes a take-it-or-leave-it offer (q, d) to seller. Thus the buyer’s problem we

have

max
(q,d)

u(q) +W b(m− d)

s.t − c(q) +W s(m+ d) ≥W s(m)

−ms ≤ d ≤ mb

Now given the linearity of the value functions in CM, we have

max
(q,d)

u(q)− φd

s.t − c(q) + φd ≥ 0
−ms ≤ d ≤ mb

Note that the optimal (q, d) only depends on money holding
Thirdly, determine the value functions in DM
For the buyer, we have

V b(m) = σ
[
u(q(m)) +W b(m− d(m))

]
+
(
1− σ)W b(m

)
Now using the linearity, and bargaining solution, we have

V b(m) = σ [u(q(m))− φd] +W b(m)

= σ max
d∈{0,1...m}

{
u
[
c−1 (φd)

]
− φd

}
+ φm+W b(0) (1)

The DM value function for seller with money holding ms is

V s(ms) = σ

∫ [
−c(q(mb)) +W

b(ms + d(mb))
]
dF (mb) + (1− σ)W s(ms)

= σ

∫
[−c(q(mb)) + φd(mb)] dF (mb) + φms +W

s(0)

By the participation constraint, we have

−c(q) + φd = 0

Thus we can re-write value function as

V s(ms) = φms +W
s(0) (2)

Finally, determine agents’money holding in CM
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For seller, the problem in CM is

max
m′∈N0

{
−φm′ + βV s

(
m′
)}

using (2), we have

max
m′∈N0

{
− (1− β)φm′ + βW s(0)

}
Thus clearly, the best money holding for seller is

m′s = 0

Now since seller receives no surplus in a trade match, we can simplies as follows,

W s(0) = V s(0) = 0

For buyer, using (1) we have

max
m∈N0

{
−φm+ β

(
σ max
d∈{0,1...m}

{
u
[
c−1 (φd)

]
− φd

}
+ φm+W b(0)

)}
= max

m∈N0

{
−rφm+ σ max

d∈{0,1...m}

{
u
[
c−1 (φd)

]
− φd

}}
• Cost of holding money: agent’s rate of time preference r

• Benefit of holding money: expected surplus that can be obtained in the DM, σ [u (q)− φd]

This implies that d = m, therefore c(q) = φm from P.C. Thus the problem becomes

max
m∈N0

{
−rφm+ σ

{
u
[
c−1 (φm)

]
− φm

}}
Since u◦ c−1 (.) is strictly concave in m, the problem has a unique solution if money is divisible.

This solution is denoted as m∗. Thus indivisible money solution has at most two, which are [m∗]
and [m∗ + 1], where [k] is interger part of k.

1.2.1 Economy with M=1

Now we consider an economy that at the beginning of time, all buyers receive exactly one unit of
money. Then the market-clearing condition in the CM requires that buyers prefer holding one-unit
money than holding two or zero.

This implies that

−rφ+ σ
{
u
[
c−1 (φ)

]
− φ

}
≥ −rφ2 + σ

{
u
[
c−1 (φ2)

]
− φ2

}
−rφ+ σ

{
u
[
c−1 (φ)

]
− φ

}
≥ 0

Now we can now determine the condition in which q = q∗ can be implemented. Since buyers
has all bargaining power, then d = m = 1, and c(q∗) = φ. Thus we have
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−rφ+ σ {u [q∗]− c(q∗)} ≥ −rφ2 + σ
{
u
[
c−1 (φ2)

]
− φ2

}
−rc(q∗) + σ {u [q∗]− c(q∗)} ≥ 0

Thus since u [q∗] − c(q∗) > u
[
c−1 (φ2)

]
− φ2 as q∗ maximize u(q) − c(q), the first condition

automatically holds. Thus the tradeoff is

• Second unit money provides higher match surplus

• But it is also costly to hold

The second condition reads as

c(q∗) ≤ σ

r + σ
u(q∗)

Thus we see that the effi cient level of consumption and production at DM is implementable
under trading mechanism in memory economy AND it can also be impliemented by a trading
protocals that gives all the bargaining power to buyer in DM and provides a CM at night.

In addition, if q∗ is not incentive feasible such that c(q∗) > σ
r+σu(q

∗). The trading protocal that
gives all bargaining power to buyer can still deliver the best incentive-feasible allocation q < q∗

such that
c(q) =

σ

r + σ
u(q)

Note that buyer in this case is indifferent between holding one or zero money, but still has no
incentive to hold a second unit of money.
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