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1 Environement

Two main assumptions of this paper.

• There is a large and temporary selling pressure

• There are order-execution delays

1.1 Market makers and Investors

• Continious time and fix probability space (Ω,F , P ) and a filtration {Ft : t ≥ 0} of
sub-σ-algebras satisfying the usual condition.

• Continuum of infinitely lived and risk neutral agents: consume a perishable numeraire
good called "cash", with a marginal utility normalized to 1

• There is one asset in positive supply. Agent holding q units of asset receives utility
flow θ(t)q per unit of time.

• Two types of agents: marketmakers and investors who differ in θ(t).

—A market maker has constant θ(t) = 0

∗ Thus in equilibrium, marketmaker will not be the final holder of the asset
and he would choose to hold only if he expects to make some profit by buying
and re-selling

— Investor’s is a two-state markov chain, the high state correpsonds to θ(t) = 1
while low state is θ(t) = 1− δ, for some δ ∈ (0, 1)

—Transition rate: low to high with γu, high to low with γd

• The asset has s ∈ (0, 1) shares outstanding. Marketmakers can hold any positive
quantitiy of the asset. The inventory I(t) satisfies short-selling constraint

I(t) ≥ 0 (1)

• Similar to DGP, investor cannot short sell and cannot hold more than one unit of the
asset. Again, paper restricts the equilibra where investor holds either zero or one unit
of asset (by linearity of utility)

• Investor’s full set of types is T = {ho, hn, lo, ln}.
1sai.ma@nyu.edu. All errors and typos are from mine. This is not a final version and is subject to

modification and simplification.
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—Guess that lo are sellers and hn are buyers

—Denote µσ (t) as the fraction at t of investors of type σ ∈ T .

µho (t) + µhn (t) + µlo (t) + µln (t) = 1 (2)

µho (t) + µlo (t) + I(t) = s (3)

1.2 Cash and Recovery

The initial conditions below represents the strong selling pressure of a financial disruption.

In particular, it is assumed that, initially, all investors are low type. Thus the application
of LLN applies and the fraction µh (t) solves the following ODE

µ̇h (t) = γu (µlo (t) + µln (t))− γd (µho (t) + µhn (t))

= γu − γµh (t)

where γ = γu + γd
(Note this ODE is also explored in DGP model when determine price in interdealer

market)
With initial condition, µh (t) = 0, the solution to ODE is

µh (t) = y
(
1− e−γt

)
where y = γu

γ
is the steady state fraction of high type investors.

For the remainder of the paper, it is assumed that

s < y

(Note this is identical to the condition 1 in DGP model, thus the economy is supply
constrained)
This ensures that, the selling pressure has fully allevaited asymptotically.

1.3 Order-execution delays

Marketmakers intermediate all trades from a central marketplace (such as NYSE). An in-
vestor contact a marketmakers at constant and independent poisson rate ρ.
Application of LLN implies that contact between type σ investors and marketmakers

occur at a total rate ρµσ(t)
Remark The model in this paper is different from DGP in following ways

• (+) The marketmaker allows for holding inventory

• (-) Does not allow bilateral trade between investors

• (?) Large selling pressure initially
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2 Optimal Dynamic Liquidity Provision

2.1 Asset Allocations

The flow rate ul(t) of asset that a marketmaker takes from low type satisfies

−ρµln(t) ≤ ul(t) ≤ ρµlo(t) (4)

Similarly, the flow uh(t) of asset that a market maker takes to high type satisfies

−ρµho(t) ≤ uh(t) ≤ ρµhn(t) (5)

• When two flows equal, marketmaker is a matchmaker in the sense that he transfers
assets from lo investors instantly to some hn investors.

• If two flows are not equal, in addition to being a matchmaker, he is also changing
inventory.

• If both ul(t), uh(t) are positive then marketmaker is matching sellers and buyers at
rate min {uh(t), ul(t)}.

—The rate of change in inventory is

İ (t) = ul(t)− uh(t) (6)

Now for the rate of change in fractions for ln,lo,hn and ho are

µ̇ln (t) = ul (t) + γdµhn (t)− γuµln (t) (7)

µ̇lo (t) = −ul (t) + γdµho (t)− γuµlo (t) (8)

µ̇hn (t) = −uh(t)− γdµhn (t) + γuµln (t) (9)

µ̇ho (t) = uh(t)− γdµho (t) + γuµlo (t) (10)

(Note the similarity and difference of LoM for that in DGP model is that λ = 0 since no
bilateral meeting between investors and use ul (t) and uh(t) to replace ρµm(t))
Definition 1 (Feasible Allocation) A feasible allocation is some distribution µ(t) =

(µσ(t))σ∈T of types, some inventory holding I(t), and some piecewise continuous asset flows
u(t) ≡ (ul(t), uh(t)) such that
i) At each time, the short-selling constranit (1) and order-flow constraints (4) and (5) are

satisfied
ii) The ODE (6)-(10) hold
iii) The initial conditions in Table 1 hold
In addition, a feasible allocation is said to be constrained Pareto optimal if it cannot be

Pareto improved by choosing another feasible allocation and making time-zero cash transfer.
A constrained Pareto optimal allocation must maximize∫ ∞

0

e−rt (µho(t) + (1− δ)µlo(t)) dt (11)

Thus a socially optimal allocation is some feasible allocation maximize (11)
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2.2 The Benefit of Liquidity Provision

2.2.1 No-Inventory allocation

I(t) = 0 implies that

µlo (t) = s− µh (t) + µhn (t) (12)

The "crossing time" is the time ts at which µh (ts) = s as shown in Figure 2

Since µh (t) is increasing, (12) implies that

ρµhn (t) < ρµlo (t) iff t < ts

Thus in the no-inventory allocation, before crossing time, the selling pressure is postive.

2.2.2 Improvement of No-Inventory allocation

Intuitively, a marketmaker can take an additional asset from seller before the crossing time
at t1 = ts − ε and transfer it to some buyer after t2 = ts + ε. The transfer time 2ε

• Benefit: for a suffi ciently small ε, this asset is allocated almost instantly to high type
investor. Without such transfer, the asset would be held by low investor until either
seller transits to a high type with γu or seller contact with a marketmaker with ρ.
Thus without transfer, asset would be held by seller not buyer, with utility cost δ, for
an average time 1

γu+ρ

• Cost: asset is temporarily held by a marketmaker not seller, implying an utility cost
of 1 − δ. But if ε is suffi ciently small, this cost is incurred for a negligible time and
thus the cost is smaller than the benefit.

Definition 3 (Buffer Allocation) A buffer allocation is a feasible allocation defined
by two times (t1, t2) ∈ [0, ts]× [ts,∞), called breaking times, such that

ul(t) = uh(t) = ρµhn (t) ∀t ∈ [0, t1)

ul(t) = ρµlo (t) , uh(t) = ρµhn (t) ∀t ∈ [t1, t2]

ul(t) = uh(t) = ρµlo (t) ∀t ∈ (t2,∞]
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and I(t2) = 0
The no-inventory allocation is a special buffer allocation in which

t1 = t2 = ts

Note that the buffer allocation has the “bang-bang" property: at each time, either ul(t) =
ρµlo (t) or uh(t) = ρµhn (t) . The buffer allocation is illustrated in Figure 3

In short, a market maker accumulates assets when the selling pressure is strong and
unwinds these trades when pressure alleviates.

• ∀t ∈ [0, t1), I(t) = ul(t)− uh(t) = 0

• ∀t ∈ [t1, t2], I(t) first builds up and then unwinds.

• ∀t ∈ (t2,∞], I(t) = ul(t)− uh(t) = 0

The following proposition characterizes buffer allocation by the maximum inventory po-
sition held by marketmakers.
Proposition 1 There exist some m̄ ∈ R+, some strictly decreasing continuous function

ψ : [0, m̄] → R+, and some strictly increasing continious functions φi : [0, m̄] → R+, i ∈
{1, 2} , such that for all m ∈ [0, m̄] and all buffer allocations (t1, t2) ,

m = max
t∈R+

I(t) and ψ(m) = arg max
t∈R+

I(t)

t1 = ψ(m)− φ1(m) and t2 = ψ(m) + φ2(m)

where m̄ is the unique solution of ψ(z)− φ1(z) = 0. Furthermore, ψ(0) = ts and φ1(0) =
φ2(0) = 0
In works, the breaking time (t1, t2) can be written as functions of the maximum inventory

position m. The maximum inventory is achieved at time ψ(m). In addition, the larger is a
marketmaker’s maximum inventory position, the earlier he starts to accumulate and longer
he accumulates (as shown in Figure 3). Lastly, if he starts to accumulate inventory at time
0, then the maxium inventory position will be m̄
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Denote the social welfare associated with a buffer allocation as W (m). Then it is shown
that

lim
m→0+

W (m)−W (0)

m
> 0

Thus the no-inventory allocation (m = 0) can be improved by accumulating a small
amount of inventory near crossing time.
Therefore, we see that accumulating some inventory improves welfare

2.3 Socially Optimal Allocation

Goal: determine how much inventory marketmakers should accumulate.
Theorem 1 There exists a socially optimal allocation (µ∗ (t) , I∗(t), u∗ (t) , t ≥ 0). This

allocation is a buvver allocation with breaking times (t∗1, t
∗
2) determined by

e−γt
∗
1 =

(
1− s

y

)
1− e−ρ∆∗

ρ

ρ− γ
e−γ∆∗ − e−ρ∆∗

t∗2 = t∗1 + ∆∗

∆∗ = min

{
1

r + ρ
log

(
1 +

δ (r + ρ)

γu + (1− δ) (r + ρ+ γd)

)
, ∆̄

}
where ∆̄ = φ1(m̄) + φ2 (m̄) and if ρ = γ, let e−γ∆∗−e−ρ∆∗

ρ−γ ≡ x for all x ∈ R
Note that if ∆∗ = ∆̄, then t∗1 = 0 in the sense that marketmaker accumulates inventory

at time zero.

• It is optimal marketmaker provides some liquidity: from t∗1 to t
∗
2, inventory is first built

up and unwinded later.

• It’s not necessarily optimal that a market maker provides liquidity at time zero, when
the selling pressure is strongest

• When economy is close to its steady state (normal time), a marketmaker should act as
a mere matchmaker

3 Market Equilibrium

3.1 Competitive Marketmakers

Assume now that a marketmaker has access to some bank account earning interest rate r.
At each time, he buys a flow ul(t) assets from low type and sell a flow uh(t) assets to high
type, and consumes cash at positive rate c(t).
Taken the price of asset {p (t) , t ≥ 0} as given, then the law of motion of marketmaker’s

account a (t) and inventory position I(t) are

ȧ (t) = −c(t) + p (t) (uh(t)− ul(t)) + ra (t)

İ(t) = ul(t)− uh(t)
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In addition, marketmakers also face borrowing and short-selling constraint

a (t) ≥ 0 and I(t) ≥ 0

For this section, restricts attention to large a(0) such that the borrowing constraint never
binds in equilibrium. Thus the marketmaler’s problem is

max
{a(t),I(t),ul(t),uh(t),c(t),t≥0}

∫ ∞
0

e−rtc(t)dt

s.t ȧ (t) = −c(t) + p (t) (uh(t)− ul(t)) + ra (t)

İ(t) = ul(t)− uh(t)
a (t) ≥ 0 and I(t) ≥ 0

For investor, he contact with maketplace at possion rate ρ > 0, and he can buy or sell
asset at price p (t).
Smilar to DGP model, use guess and verify method, guessing that in equilibrium, lo

investor (hn investor) is seller (buyer). In addition, ln and ho investors never trade.
Theorem 2 (Implementation) There exists some ā∗0 ∈ R+ such that for all a(0) ≥ ā∗0,

there exist a competitive equilibrium whose allocation is the optimal allocation.

• As shown in Table 3, the price and reservation values are equal to the Lagrange mul-
tipliers of socially optimal allocations

— asset prices p(t) is equal to multipler to ODE of İ(t) implying that price is the
social value of increasing inventory position

—Table 3 also reports that before the first breaking time t∗1, p(t) = ∆Vl(t). Since
socially optimal allocation prescribes that market makers tend to lean against
wind, the social value of increasing rate of contact with sellers is zero. This
implies the price is adjusted so that sellers are indifferent between selling or not

The equilibrium price path can be presented as following Figure 4
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The price path jumps down at time zero, then increase and eventually stabilizes at its
steady state level.

• Before the first breaking time, sellers are indifferent between selling or not, p(t) =
∆Vl(t).

• In between two breaking times, marketmakers accommodate all of the selling pressure,
as a result p(t) > ∆Vl(t), implying that the liquidity provision of marketmakers raises
the asset price above seller’s reservation.

— In addtion, ṗ(t)
p(t)

= r, thus the capital gain exactly compensates a marketmaker for
the time value of cash spent on liquidity provision.

—Thus market maker is indifferent between

∗ 1) deposit cash in bank account
∗ 2) buying assets after t∗1 and selling them before t∗2

—The capital gain is strictly smaller than r before t∗1 and after t
∗
2, thus in equilibrium,

although a market maker buys low and sells high, competition drives the present
value of his profit to zero

3.2 Borrowing-Constrained Marketmakers

Theorem 2 relies on assumption that the marketmaker’s borrowing contraints are never
binding. The following proposition shows that if the intitial capital is suffi ciently small, the
marketmaker do not have enough purchasing power to absorb the selling pressure.
Proposition 3 There exists a

¯
∗
0 ≤ ā∗0 such that

(i) If market makers’aggregate capital is a(0) ∈ [0,a
¯
∗
0), there exsits an equilirium whose

allocation is buffer allocation with maximum inventory position m ∈ [0,m∗)
(i) If market makers’aggregate capital is a(0) ∈ [a

¯
∗
0, ā
∗
0), there exsits an equilirium whose

allocation is buffer allocation with maximum inventory position m∗

If t∗1 > 0, then a
¯
∗
0 = ā∗0.
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Lastly, in all of the above, the equilibrium price path has a strictly positive jump at the
time tm such that I(tm) = m
Figure 5 and 6 displays the equilibrium price and allocation

Figure 6: Equilibrium Price Path with Small Marketmaker Capital

• The price jumps up at time tm.

• Price grows at rate < r for t ∈ [0, t1), at rate r for t ∈ (t1, tm) ∪ (tm, t2) and at zero
after t2

• Due to the jump, marketmaker can make positive profit

—Buy assets the last second before the jump at low price

— Sell assets the next second after the jump at the strictly higher price

—Optimal strategy maximize such profit as following

∗ marketmaker invess all capital at risk-free rate during t ∈ [0, t1)

∗ spends all capital in order to buy assets before jump during t ∈ (t1, tm)

∗ re-sell all capital after the jump during (tm, t2)
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—Thus market maker does not hold any asset at [0, t1) ∪ [t2,∞) since the price
grows at a rate strictly less than r

—But market makers are indifferent between purchases and sales of asset with return
r during (t1, tm)∪ (tm, t2), as long as all asset purchases at (t1, tm) and all capital
sold at (tm, t2)

Why If t∗1 = 0, there is a non-empty interval such that price has a positive jump and
maket makers can accumulate to the optimal amountm∗ inventories? If t∗1 > 0, then a

¯
∗
0 = ā∗0,

so that the interval were empty?

• If t∗1 > 0 and if the interval were not empty, then a small increase in time-zero capital
(but still inside interval) combined with a positive price jump would give market makers
incentive to provide more liquidity, and buy assets at some time t < t∗1, then he would
end up over accumulating inventories beyond m∗, which is a contradiction.

• If t∗1 = 0, such argument does not apply since no one can accumulate earlier than time
zero.
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